Abstract. For a class of partially hyperbolic C k , k > 1 diffeomorphisms with circle center leaves we prove existence and finiteness of physical (or SinaiRuelle-Bowen) measures, whose basins cover a full Lebesgue measure subset of the ambient manifold. Our conditions contain an open and dense subset of all C k partially hyperbolic skew-products on compact circle bundles.
Introduction
Let f : N → N be a diffeomorphism on some compact Riemannian manifold N . An invariant probability µ is a physical (Sinai, Ruelle, Bowen) measure for f if the set of points z ∈ N for which (1) 1 n n−1 j=0 δ f i (z) → µ (in the weak * sense) has positive volume. This set is denoted B(µ) and called the basin of µ. A program for investigating the physical measures of partially hyperbolic diffeomorphisms was initiated by Alves, Bonatti, Viana in [5, 19] , who proved existence and finiteness when f is either "mostly expanding" (asymptotic forward expansion) or "mostly contracting" (asymptotic forward contraction) along the center direction. 1 AND JIAGANG YANG
2,1
In this paper we analyze the existence and finiteness problem without a priori conditions on the behavior along the center direction, in the case when the center bundle has dimension 1. Our results are illustrated by the following example.
Suppose N = M × S 1 , for some compact manifold M , and f 0 : N → N is a partially hyperbolic skew-product (2) f 0 : M × S 1 → M × S 1 , f 0 (x, θ) = (g 0 (x), h 0 (x, θ))
with center bundle E c coinciding with the vertical direction {0} × T S 1 at every point. This implies g 0 is an Anosov diffeomorphism, and we also take it to be transitive (all known Anosov diffeomorphisms being transitive). Assume f 0 is of class C k for some k > 1, not necessarily an integer.
Theorem A. There exists a C k neighborhood U 0 of f 0 such that for every f ∈ U 0 which is accessible and whose center stable foliation is absolutely continuous there exists a finite number of physical measures. These measures are ergodic, the union of their basins has full volume in N , and the center Lyapunov exponents are either negative or zero. In the latter (zero) case the physical measure is unique.
The subset of accessible diffeomorphisms is C
1 open and C k dense in the neighborhood of f 0 (Theorem 1.5 of Niţicǎ, Török [32] ). Absolute continuity is also quite common in this context as we are going to see. That is surprising, since Avila, Viana, Wilkinson [14] have recently shown that absolute continuity of the center foliation is a rigid property for volume preserving perturbations of skew-products. In contrast, here we prove • the center stable, the center unstable, and the center foliation are absolutely continuous • both f and its inverse have a unique physical measure, whose basin has full Lebesgue measure in N .
Then the same is true for f 0 = g 0 × id, since it is C k approximated by diffeomorphisms as in the hypothesis of the theorem.
Although we are primarily interested in general (dissipative) diffeomorphisms, our methods also shed some light on the issue of absolute continuity in the volume preserving context. Let λ c (f ) denote the integrated center Lyapunov exponent of f relative to the Lebesgue measure.
Theorem C. For any small C 1 neighborhood W of f 0 = g 0 × id in the space of volume preserving diffeomorphisms of N ,
(1) the subset W 0 of diffeomorphisms f ∈ W such that λ c (f ) = 0 is C 1 open and dense in W; (2) if f ∈ W 0 and λ c (f ) > 0 then the center foliation and the center stable foliation are not (even upper leafwise) absolutely continuous; (3) there exists a non-empty C 1 open set W 1 ⊂ {f ∈ W 0 : λ c (f ) > 0} such that the center unstable foliation of every g ∈ W 1 is absolutely continuous. Claims (2) and (3) remain true when λ c (f ) < 0, if one exchanges center stable with center unstable. Every C k , k > 1 diffeomorphism f ∈ W 1 has a C k neighborhood W f in the space of all (possibly dissipative) diffeomorphisms where the center unstable foliation remains absolutely continuous.
Theorems A and B follow from more detailed statements that we present in the next section, where we also recall the main notions involved. A discussion of the volume preserving case is given in Section 7.3, including the proof of Theorem C and a (partly conjectural) scenario.
Statement of results
Let P k * (N ) be the space of partially hyperbolic, dynamically coherent, C k diffeomorphisms whose center leaves are compact, with any dimension, and form a fiber bundle. Unless otherwise stated, we always assume k > 1. Most of our results concern the subspace P k 1 (N ) of diffeomorphisms with 1-dimensional center dimension. Let us begin by recalling the notions involved in these definitions. , and all x ∈ N and n ≥ 0. Condition (a) means that the derivative Df is uniformly expanding along E u and uniformly contracting along E s . Condition (b) means that the behavior of Df along the center bundle E c is dominated by the behavior along the other two factors. Here all three bundles are assumed to have positive dimension.
The bundles E u and E s are always integrable: there exist foliations W u and W s of N tangent to E u and E s , respectively, at every point. In fact these foliations are unique. Moreover, they are absolutely continuous, meaning that the projections along the leaves between any two cross-sections preserve the class of sets with zero volume inside the cross-section. See [20, 28, 42] . A diffeomorphism f : N → N is dynamically coherent if the bundles E cu = E c ⊕ E u and E cs = E c ⊕ E s also admit integral foliations, W cu and W cs . Then, intersecting their leaves one obtains a center foliation W c tangent at every point to the center bundle E c . We say that the center leaves form a fiber bundle over the leaf space N/W Remark 2.1. The fiber bundle condition is probably not necessary. Indeed, when the diffeomorphisms are volume preserving, Avila, Viana, Wilkinson [14] prove that if dim E c = 1 and the generic center leaves are circles then the center leaves form a fiber bundle up to a finite cover. In particular, all leaves are circles. Our arguments extend easily to this situation.
A partially hyperbolic diffeomorphism f : N → N is accessible if any points z, w ∈ N can be joined by a piecewise smooth curve γ such that every smooth leg of γ is tangent to either E u or E s at every point. Equivalently, every smooth leg of the curve γ is contained in a leaf of either W u or W s . The center Lyapunov exponent λ c (µ) of an f -invariant probability measure µ is defined by (3) λ c (µ) = λ c (z) dµ(z) where λ c (z) = lim 1 AND JIAGANG YANG
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If µ is ergodic then λ c (µ) = λ c (z) for µ-almost every z. Finally, the center direction is mostly contracting (Bonatti, Viana [19] ) if (5) lim sup n→+∞ 1 n log Df n | E c x < 0.
for a positive volume measure subset of any disk inside a strong unstable leaf. It was shown by Andersson [9] that this is a C k , k > 1 open property. ) ≤ ε for all n ≥ 0}. The unstable set and local unstable set of size ε > 0 are defined in the same way, for backward iterates. It follows from the definitions that there exist constants K, τ , ε, δ > 0 such that This means that f c is a hyperbolic homeomorphism (in the sense of Viana [48] ). We denote W c (Λ) = π −1 c (Λ), for any subset Λ of N/W c . By Anosov's closing lemma [10] , periodic points are dense in the non-wandering set of f c . Smale's spectral decomposition theorem [45] , the non-wandering set splits into a finite number of compact, invariant, transitive, pairwise disjoint subsets. Among these basic pieces of the non-wandering set, the attractors Λ i , i = 1, . . . , k of f c are characterized by the fact that
for some neighborhood U i of Λ i and it is transitive. The union of the stable sets
Every attractor Λ i consists of entire unstable sets, and so W c (Λ i ) is W u -saturated, that is, it consists of entire strong unstable leaves of f . Additionally, every Λ i has finitely many connected components Λ i,j , j = 1, . . . , n i that are mapped to one another cyclically. The unstable set W u (x) of every x ∈ Λ i,j is contained and dense in Λ i,j . In particular, W c (Λ i,j ) is also W u -saturated. If f c is transitive, there is a unique attractor Λ 1 = N/W c . We say f is accessible on Λ i if, for every j, any points z, w ∈ W c (Λ i,j ) can be joined by a piecewise smooth curve γ such that every smooth leg of γ is tangent to either E u or E s at every point and the corner points belong to the same W c (Λ i,j ). The center direction of f | W c (Λ i ) is mostly contracting if (5) holds for a positive volume measure subset of any disk inside a strong unstable leaf contained in W c (Λ i ).
Physical measures.
We are ready to state our main result on existence and finiteness of physical measures:
, k > 1 is accessible on every attractor and the center stable foliation is absolutely continuous then, for each attractor Λ i , either (a) there is a Lipschitz metric on each leaf of W c (Λ i ), depending continuously on the leaf and invariant under f ; then f admits a unique physical measure, which is ergodic, whose basin has full volume in the stable set of W c (Λ i ), and whose center Lyapunov exponent vanishes; (b) or the center direction of f | W c (Λ i ) is mostly contracting; then f | W c (Λ i ) has finitely many physical measures, they are ergodic for f and Bernoulli for some iterate, the union of their basins is a full volume subset of the stable set of W c (Λ i ), and their center Lyapunov exponents are negative.
The union of the basins of these physical measures has full volume in N .
To see that Theorem A is contained in Theorem D let us to note that, for every k ≥ 1, any C k partially hyperbolic skew-product f 0 is in the interior of P k 1 (N ). Indeed, partial hyperbolicity is well known to be a C 1 open property and the stability theorem for normally hyperbolic foliations (Hirsch, Pugh, Shub [28] ) gives that every f in a C 1 neighborhood of f 0 admits an invariant W * f foliation, for each * ∈ {cu, cs, c}, and there exists a homeomorphism mapping the leaves of W * f diffeomorphically to the leaves of W * f0 . In particular, the center leaves of f form a circle fiber bundle.
Remark 2.2. When the center fiber bundle is trivial, as happens near skew-products, part (a) of the Theorem D gives that f | W c (Λ i ) is topologically conjugate to a rotation extension
To see this, fix some consistent orientation of the center leaves and any continuous section σ : N/W c → N of the center foliation, that is, any continuous map such that σ(ℓ) ∈ ℓ for every ℓ ∈ N/W c . Then define
where |σ(π c (z)), z| denotes the length, with respect to the f -invariant Lipschitz metric, of the (oriented) curve segment from σ(π c (z)) to z inside the center leaf. This map sends the center leaves of f to verticals {w} × R/Z, mapping the finvariant Lipschitz metric on the center leaves to the standard metric on R/Z. Then h • f • h −1 preserves the standard metric measure on the verticals, and so it is a rotation extension, as stated. Observe that, in addition, both h and its inverse are Lipschitz on every leaf.
Explicit bounds on the number of physical measures can be given in many cases. For instance, we will see in Theorem 5.3 that if f admits some periodic center leaf ℓ restricted to which f is Morse-Smale then the number of physical measures over the attractor containing π c (ℓ) is bounded by the number of periodic orbits on ℓ. Notice that we must have alternative (b) of Theorem D in this case, since alternative (a) is incompatible with the existence of hyperbolic periodic points.
We also want to analyze the dependence of the physical measures on the dynamics. For this, we assume N = M × S 1 and restrict ourselves to the subset S k (N ) ⊂ P k 1 (N ) of skew-product maps. We prove in Theorem 5.6 that there is an open and dense subset of diffeomorphisms f ∈ S k (N ) with mostly contracting center direction, such that the number of physical measures is locally constant and the physical measures vary continuously with the diffeomorphism. This property of 1 AND JIAGANG YANG 2,1 statistical stability has been studied in a number of recent works, including Alves, Viana [8] , Vásquez [47] , Andersson [9] .
As mentioned before, existence and finiteness of physical measures for partially hyperbolic diffeomorphisms was proved by Alves, Bonatti, Viana [5, 19] , under certain assumptions of weak hyperbolicity along the center direction. Substantial improvements followed, by Alves, Luzzatto, Pinheiro [6, 7] , Alves, Araujo [4] , Vasquez [47] , Pinheiro [36] , and Andersson [9] , among others. Perturbations of certain skew-products over hyperbolic maps have been studied by Alves [2, 3] , Buzzi, Sestier, Tsujii [23] , and Gouezel [25] . In a remarkable recent paper, Tsujii [46] proved that generic (dense G δ ) partially hyperbolic surface endomorphisms do admit finitely many physical measures, such that the union of their basins has full Lebesgue measure. His approach is very different from the one in the present paper and it is not clear how it could be extended to diffeomorphisms in higher dimensions, even in the case of one-dimensional center bundle.
2.4. Absolute continuity. It has been pointed out by Shub, Wilkinson [44] that foliations tangent to the center subbundle E c are often not absolutely continuous. In fact, Ruelle, Wilkinson [41] showed that the disintegration of Lebesgue measure along the leaves is often atomic. Moreover, Avila, Viana, Wilkinson [14] observed recently that for certain classes of volume preserving diffeomorphisms, including perturbations of skew-products (2), absolute continuity of the center foliation is a rigid property: it implies that the center foliation is actually smooth, and the map is smoothly conjugate to a rigid model.
However, we prove that this is not at all the case in our dissipative setting:
There is an open set U ⊂ P k 1 (N ), k > 1, such that the center stable, the center unstable, and the center foliation are absolutely continuous for every f ∈ U. Moreover, U may be chosen to accumulate on every skew-product map f 0 that admits a periodic vertical fiber restricted to which the map is Morse-Smale with a unique periodic attractor and repeller.
Two weaker forms of absolute continuity are considered by Avila, Viana, Wilkinson [14] . Let vol denote Lebesgue measure in the ambient manifold and vol L be Lebesgue measure restricted to some submanifold L. A foliation F on N is (lower ) leafwise absolutely continuous if for every zero vol-measure set Y ⊂ N and volalmost every z ∈ M , the leaf L through z meets Y in a zero vol L -measure set. Similarly, F is upper leafwise absolutely continuous if vol L (Y ) = 0 for every leaf L through a full measure subset of points z ∈ M implies vol(Y ) = 0. Absolute continuity implies both lower and upper leafwise absolute continuity (see [14, 21] ); the converse is not true in general. We will see in Proposition 6.2 that the center stable foliation of a partially hyperbolic, dynamically coherent diffeomorphism with mostly contracting center direction is always upper leafwise absolutely continuous. This does not extend to lower leafwise absolutely continuity, in general: robust counter-examples will appear in [49] ; see also Example 6.1 for a related construction. However, as stated before, full absolute continuity of the center foliation does hold on some open subsets of diffeomorphisms with mostly contracting center.
Gibbs u-states
Let f : N → N be a partially hyperbolic diffeomorphism. In what follows we denote I r = [−r, r] for r > 0 and d * = dim E * for each * ∈ {u, cu, c, cs, s}. We use vol * to represent the volume measure induced by the restriction of the Riemannian structure on the leaves of the foliation W * for each * ∈ {u, cu, c, cs, s}.
Following Pesin, Sinai [34] and Alves, Bonatti, Viana [5, 19] (see also [17, Chapter 11]), we call Gibbs u-state any invariant probability measure m whose conditional probabilities (Rokhlin [40] ) along strong unstable leaves are absolutely continuous with respect to the volume measure vol u on the leaf. More precisely, let
→ N be any foliated box for the strong unstable foliation. By this we mean that Φ is a homeomorphism and maps every horizontal plaque I (1) The densities of a Gibbs u-state with respect to Lebesgue measure along strong unstable plaques are positive and bounded from zero and infinity. 
defines a homeomorphism between V u ξ × V s ξ and some neighborhood V ξ of ξ. A probability measure µ on N/W c has local product structure if for µ-almost every point ξ and any such product neighborhood V ξ the restriction µ | V ξ is equivalent to a product ν u × ν s , where ν u is a measure on V u ξ and ν s is a measure on V s ξ . In the sequel we prove three additional facts about Gibbs u-states that are important for our arguments. Proposition 3.2. Take f ∈ P k * (N ), k > 1 such that the center stable foliation is absolutely continuous. For every ergodic Gibbs u-state m the support of the projection (π c ) * (m) coincides with some attractor of f c . In particular, periodic points are dense in the support of (π c ) * (m).
Moreover, any two such projections with the same support must coincide. In particular, the set of projections of all ergodic Gibbs u-states of f down to N/W c is finite. Proposition 3.3. Take f ∈ P k * (N ), k > 1 such that the center stable foliation is absolutely continuous. If m is a Gibbs u-state for f then µ = (π c ) * (m) has local product structure. 1 AND JIAGANG YANG Proposition 3.5. Let f ∈ P k * (N ), k > 1 and Λ be an attractor of f c . Suppose the center stable foliation of f is absolutely continuous and f is accessible on Λ. Then every ergodic Gibbs u-state of f supported in W c (Λ) has some non-positive center Lyapunov exponent.
As a special case, we get that if f ∈ P k 1 (N ), k > 1 is accessible on an attractor Λ of f c and the center stable foliation is absolutely continuous, then the (unique) center Lyapunov exponent of every ergodic Gibbs u-state supported in W c (Λ) is non-positive.
The proofs of these propositions are given in Sections 3.1 through 3.3.
3.1. Finiteness in leaf space. Here we prove Proposition 3.2. Let m 1 be any ergodic Gibbs u-state and µ 1 = (π c ) * (m 1 ). Notice that µ 1 is ergodic and so its support is a transitive set for f c . Moreover, supp µ 1 = π c (supp m 1 ) consists of entire unstable sets, because the support of m 1 is W u -saturated (Proposition 3.1). Thus, supp µ 1 is an attractor Λ of f c . As pointed out before, periodic points are dense in each attractor of f c . Now we only have to show that if µ 2 = (π c ) * m 2 for another ergodic Gibbs ustate m 2 and supp µ 2 = Λ = supp µ 1 then µ 1 = µ 2 . For this, take x c ∈ Λ, let U c be a neighborhood of x c in the quotient space N/W c , and let U = π Since the center stable foliation is absolutely continuous, it follows that h cs maps some point x 1 ∈ D 1 ∩ B(m 1 ) to a point x 2 ∈ D 2 ∩ B(m 2 ) in the basin of m 2 . Then x 1 and x 2 belong to the same center stable leaf of f , and so their projections π c (x 1 ) and π c (x 2 ) belong to the same stable set of f c . Notice that π c (B(m i )) ⊂ B(µ i ) for i = 1, 2, and so each point π(x i ) ∈ B(µ i ). Since either basin consists of entire stable sets, this proves that B(µ 1 ) and B(µ 2 ) intersect each other, and so µ 1 = µ 2 . This completes the proof of Proposition 3.2.
3.2. Local product structure. Here we prove Proposition 3.3. Let m be any Gibbs u-state and ℓ 0 be any center leaf. Since the center leaves form a fiber bundle, we may find a neighborhood V ⊂ N/W c and a homeomorphism
) that maps each vertical {ℓ} × ℓ 0 to the corresponding center leaf ℓ. Clearly, we may choose V to be the image of the bracket (recall Section 2.2)
for some small ε > 0. Then, by dynamical coherence, the homeomorphism 
and for µ-almost every η and η ′ in V . This means that the conditional probabilities µ u η are (almost) all equivalent. Consequently, there is ρ :
This proves that µ has local product structure, as claimed.
3.3.
Positive Gibbs u-states. Here we prove Proposition 3.5. We begin by proving the following fact, which is interesting in itself: Proposition 3.6. For f ∈ P 1 * (N ), given c > 0 and l ≥ 1 there is n 0 such that # S ∩ Γ c,l < n 0 for every center leaf S, where
Proof. Recall that vol c denotes the Riemannian volume on center leaves. The main ingredient is Lemma 3.7. Given c > 0 and l ≥ 1 there exists δ > 0 such that for any x ∈ S ∩Γ c,l and any neighborhood U of x inside the center leaf S that contains x, one has
Proof. Let x ∈ S ∩ Γ c,l be fixed. Fix 0 < c 1 < c 2 < c and define H(c 2 ) to be the set of c 2 -hyperbolic times for x, that is, the set of times m ≥ 1 such that
By the Pliss Lemma (see [2, 5] ) , there exist n 1 ≥ 1 and δ 1 > 0 such that
Notice that (12) implies Df −kl is an exponential contraction on E c f ml (x) :
for all 1 ≤ k ≤ m.
It also follows from [5] that the points f ml (x) with m ∈ H(c 2 ) admit backwardcontracting center disks with size uniformly bounded from below: there is r > 0 depending only on f and the constants c 1 and c 2 such that Fix n 2 such that the ball of radius e −c1k r around x is contained in U for every k ≥ n 2 . Then, in particular,
To finish the proof of Lemma 3.7 it suffices to take δ = a 1 δ 2 /2.
To deduce Proposition 3.6 from Lemma 3.7, take any n 0 ≥ V /δ where V is an upper bound for the volume of center leaves. Suppose S ∩ Γ c,l contains n 0 distinct points x j , j = 1, . . . , n 0 . Let U j , j = 1, . . . , n 0 be pairwise disjoint neighborhoods of the x j inside S. Take n large enough that
This contradiction proves Proposition 3.6.
Proof of Proposition 3.5. We argue by contradiction. Suppose there exists some ergodic Gibbs u-state ν supported in W c (Λ) whose center Lyapunov exponents are all positive.
Lemma 3.8. There is k 0 ≥ 1 and some ergodic Gibbs u-state ν * of f k0 supported in W c (Λ) such that
Proof. Arguing as in [48, Section 2.1] one can find k 0 ≥ 1 such that
The measure ν needs not be ergodic for f k0 but, since it is ergodic for f , it has a finite number k of ergodic components
for some ergodic component ν i . Since, by Proposition 3.1, each ergodic component ν i is a Gibbs u-state, this completes the proof of the lemma.
Let k 0 ≥ 1 be fixed from now on and λ > 0 denote the expression on the left hand side of (13) . Let g = f k0 and
−1 = λ} be the set of regular points of log Dg −1 | E c for the transformation g. By ergodicity, ν * (Γ) = 1. A statement similar to the next corollary was proved by Ruelle, Wilkinson [41] when the diffeomorphism is C 1+ε and the center is 1-dimensional.
Proof. Just use Proposition 3.6 with c = λ/2 and l = k 0 . Clearly, Γ ⊂ Γ c,l .
Let ℓ 0 be any periodic center leaf intersecting supp ν * (periodic center leaves are dense in the support, by Proposition 3.2) and κ ≥ 1 be minimal such that g κ (ℓ 0 ) = ℓ 0 . Since ν * is a Gibbs u-state and Γ has full measure, vol u (W u (x) \ Γ) = 0 for ν * -almost every x, where vol u denotes the Riemannian volume along strong unstable manifolds. In particular, the stable set
belongs to the strong stable manifold of some periodic point y ∈ ℓ 0 of f with period bounded by k 0 κn 0 .
Proof. Let y ∈ ℓ 0 be such that x ∈ W s (y) and let g 0 = g κ | ℓ 0 . Suppose first that the orbit of y under g 0 is infinite. We refer the reader to Figure 2 . Fix y * ∈ ω(y) and let (y j ) j be an injective sequence of iterates of y converging to y * . Let (x j ) j be a sequence of iterates of x with x j ∈ W s (y j ) and d(x j , y j ) → 0. Choose disks D to the local strong unstable leaf through y * . Since W cs is absolutely continuous, the image of every D u j ∩ Γ is a full volume measure subset of a neighborhood of y * inside W u (y * ), where these neighborhoods also have uniform size for all large j. Let J = {j 0 , j 0 + 1, . . . , j 0 + n 0 } where j 0 is some large integer and n 0 is as in Corollary 3.9. On the one hand, it follows from the previous considerations that
is a full volume measure subset of some neighborhood of y * inside W u (y * ). Fix some w ∈ Γ * close to y * . For each j ∈ J, let w j ∈ D u j ∩ Γ be such that π cs (w j ) = w. Moreover, let z j be the point where the local strong stable manifold of w j intersects W cu (y * ) = W cu (w). It is clear from the definition that w j ∈ W cs (w) and so z j ∈ W c (w) for all j ∈ J. Moreover, by choosing w close enough to y * we can ensure that w j is close to x j for every j ∈ J and so z j is close to y j for all j ∈ J. The latter implies that the z j are all distinct. Observe also that z j ∈ Γ for all j ∈ J, because Γ is (clearly) saturated by strong stable leaves. This proves that #(W c (w) ∩ Γ) ≥ #J > n 0 , in contradiction with Corollary 3.9. This contradiction proves that the g 0 -orbit of y can not be infinite.
Similar arguments handle the case when y is a periodic point for g 0 . Let k ≥ 1 be the (minimal) period of y for g 0 . Forward iterates of D u accumulate on the strong unstable manifolds of the iterates of y. Using, in much the same way as before, that the center stable foliation is absolutely continuous and Γ is saturated by strong stable leaves, we find w ∈ W cu (y) arbitrarily close to y whose center leaf W c w intersects Γ at points close to each of the k iterates of y. In view of Corollary 3.9 this implies that k < n 0 . This means that the period of y for f is less than k 0 κn 0 as stated. The proof of Lemma 3.10 is complete.
Lemma 3.11. Every point z ∈ ℓ 0 is periodic for f , with period bounded by k 0 κn 0 .
Proof. Let y ∈ ℓ 0 be a periodic point as in Lemma 3.10 and let z ∈ ℓ 0 be arbitrary. Choose
By accessibility, there exists some su-path connecting y ′ to z ′ or, in other words, there exist points
which belong to W c (Λ i ) such that a j and b j belong to the same strong stable manifold and b j and a j+1 belong to the same strong unstable manifold. We are going to find an (arbitrarily) nearby su-path
withb s ∈ ℓ 0 and such that everyb i belongs to some periodic center leaf in W c (Λ i ). The first step is to observe that, since periodic leaves are dense, one may always find periodic leaves ℓ 1 , . . . , ℓ s−1 arbitrarily close to
transversely at a k+1 , and stable and unstable sets vary continuously with the base point, we can findb k+1 ∈ ℓ k+1 close
) at some pointã k+1 close to a k . Repeating this procedure s times, we obtain an su-path as in (14) . The next step is to prove that the pointsb i themselves are periodic. Recall thatb 0 = y is taken to be periodic and D u intersects W s (b 0 ). So, the iterates accumulate on W u (b 0 ) and, in particular, onã 1 . This implies there exist points w ∈ ℓ 1 arbitrarily close tob 1 whose strong stable manifold intersects f n (D u ) for some n. Since Γ has full volume inside every f n (D u ), we may use Lemma 3.10 to conclude that w is periodic, with period uniformly bounded. Consequently,b 1 itself is periodic. It also follows that the iterates of D u accumulate on W u (b 1 ). This means we may now repeat the construction withb 1 in the place ofb 0 and conclude thatb 2 is periodic. After s steps we conclude thatz =b s is periodic. Sincez is arbitrarily close to z, and all the periods are bounded, we get that z itself is periodic. This completes the proof of the lemma.
In particular, Lemma 3.11 implies that no periodic point on the support of ν * is hyperbolic. This is a contradiction since, by a classical result of Katok [29] , the support of any hyperbolic measure contains hyperbolic periodic points. This completes the proof of Proposition 3.5.
Mostly contracting center
In this section we prove some useful facts about partially hyperbolic diffeomorphisms with mostly contracting center direction. We call W u -disk any image of a ball in E u embedded inside some strong unstable leaf. Proof. Bonatti, Viana [19] show that if the center direction is mostly contracting then the center exponents of every ergodic Gibbs u-state are negative. To prove the converse, let D be any disk inside a strong unstable leaf. By [17, Lemma 11.12] every Cesaro accumulation point of the iterates of Lebesgue measure on D is a Gibbs u-state. By [17, Lemma 11.13] every ergodic component of a Gibbs u-state is again a Gibbs u-state. This implies that the iterates f n (D) accumulate on the support of some ergodic Gibbs u-state ν. The hypothesis implies that ν-almost every point has a Pesin (local) stable manifold which is an embedded disk of dimension d cs . Using also the absolute continuity of the Pesin stable foliation (Pesin [35] ), we conclude that a positive Lebesgue measure subset of points in some f n (D) belong to the union of these d s -disks. This implies that (5) holds on a positive Lebesgue measure subset of D, as we wanted to show.
The second part of the lemma follows from similar arguments.
Supports of Gibbs u-states.
Lemma 4.2. If the center direction of f is mostly contracting then the supports of the ergodic Gibbs u-states of f are pairwise disjoint.
Proof. Let m 1 and m 2 be ergodic Gibbs u-states of f and suppose supp m 1 ∩supp m 2 contains some point z. Let D be any W u -disk around z. Then D ⊂ supp m 1 ∩ supp m 2 , since the supports are W u -saturated (Proposition 3.1). By Lemmas 11.12 and 11.13 in [17] , every ergodic component ν of every Cesaro accumulation point of the iterates of Lebesgue measure on D is an ergodic Gibbs u-state. Clearly, the support of ν is contained in supp m 1 ∩ supp m 2 . By Pesin theory (see [19] for 1 AND JIAGANG YANG 2,1 this particular setting) ν-almost every point has a local stable manifold which is an embedded d cs -disk. Recall (Proposition 3.1) that the density of Gibbs u-states along strong unstable leaves is positive and finite. Thus, we may find a W u -disk D ν ⊂ supp ν such that every point x in a full Lebesgue measure subset D * ν has a Pesin stable manifold and belongs to the basin of ν. Moreover, D ν is accumulated by W u -disks D i ⊂ supp m 1 such that Lebesgue almost every point is in the basin of m 1 . Assuming D i is close enough to D ν , it must intersect the union of the local stable manifolds through the points of D * ν on some positive Lebesgue measure subset D * i (because the Pesin local stable lamination is absolutely continuous [35] ). Then D * i is contained in the basin of ν, and some full Lebesgue measure subset is contained in the basin of m 1 . That implies m 1 = ν. Analogously, m 2 = ν, and so the ergodic Gibbs u-states m 1 and m 2 coincide. That completes the proof of the lemma.
Remark 4.3. It follows from Proposition 3.1 and Lemma 4.2 that if f has mostly contracting center direction and minimal strong unstable foliation then it has a unique Gibbs u-state. This was first observed in [19] . Proof. Let p be any periodic point in the support of m with stable index equal to d cs (such periodic points do exist, by Katok [29] ) and let κ be its period. By Proposition 3.1, the unstable manifold of every
Consider the forward iterates of Lebesgue measure on D. Using Lemmas 11.12 and Lemma 11.13 in [17] , one gets that any ergodic component of any Cesaro accumulation point of these iterates is an ergodic Gibbs u-state ν supported inside the closure of ∪ Since m is ergodic for f , its ergodic decomposition relative to f κ has the form
We claim that the f i (suppm), i = 1, . . . , l are precisely the connected components of supp m. On the one hand, the previous paragraph gives that p ∈ f s (suppm) for some s. Replacing either p orm by an iterate, we may suppose s = 0. Then, by the argument in the previous paragraph applied to f κ (it is clear from the definition (5) that if f has mostly contracting then so does any positive iterate), suppm coincides with the closure of W u (p) and, in particular, it is connected. On the other hand, Lemma 4.2 gives that the f i (suppm), i = 1, . . . , l are pairwise disjoint. Since they are closed, it follows that they are also open in supp m. This proves our claim.
We are left to prove that the strong unstable foliation is minimal in each connected component S i = f i (suppm). This will follow from an argument of Bonatti, Díaz, Ures [16] : . . , l u . Then every S j,i is fixed under f l . Moreover, every Gibbs u-state m j,i is f l -invariant and f nl -ergodic for every n ≥ 1: otherwise S i would break into more than one connected component (cf. the proof of Lemma 4.2). Then, by Ornstein, Weiss [33] , every m i,j is a Bernoulli measure for f l . We claim that {m j,i : 1 ≤ j ≤ u and 1 ≤ i ≤ l j } contains all the ergodic u-states of f nl for every n ≥ 1. Indeed, let m * be any ergodic u-state for f nl . Then
is a u-state for f . Let m = a 1 m 1 +· · ·+a u m u be its ergodic decomposition for f and let s be such that a s > 0. Then supp m s ⊂ supp m. Since supp m s is f -invariant, it must intersect supp m * . Using Lemma 4.2 for f nl we conclude that m * must coincide with some ergodic component of m s for the iterate f nl . In other words, it must coincide with m s,i for some i = 1, . . . , l s , and this proves our claim. Now we extend these conclusions to any diffeomorphism g in a C k , k > 1 neighborhood of f . By Andersson [9] , any such g has mostly contracting center direction, and so the previous argument applies to it. However, we must also prove that the integer l can be taken uniform on a whole neighborhood of f . Notice that the only constraint on l was that it should be a multiple of the periods l j of the ergodic components m j . Observe that [9] also gives that the number of ergodic Gibbs u-states does not exceed the number of ergodic Gibbs u-states of f . So, we only need to check that the periods l j remain uniformly bounded for any g in a neighborhood. We do this by arguing with periodic points, as follows. Let us fix, once and for all, f -periodic points p j with stable index d cs in the support of each m j , j = 1, . . . , u. The period of each p j is a (fixed) multiple of l j . Let p j (g) be the continuation of these periodic points for some nearby diffeomorphism g, and let {m 1 (g), . . . , m s (g)}, 1 AND JIAGANG YANG 2,1 with s ≤ u be the ergodic Gibbs u-states of g. We claim that every supp m j (g), 1 ≤ j ≤ s contains some p i (g), 1 ≤ i ≤ u. This can be seen as follows. [16] : one only has to observe that blenders, that they use for the proof in the dissipative context, can be constructed also in the conservative setting, as shown by [26] . By [15] , there is an open and dense subset U 2 for which the center Lyapunov exponent log |Df | E c (x)|dm(x) = 0.
Furthermore, by [24] , there is an open and dense subset U 3 of V 1 m consisting of accessible diffeomorphisms. Let U = U 1 ∩ U 2 ∩ U 3 . Before proceeding, let us recall that C ∞ are C 1 dense in the space of volume preserving diffeomorphisms, by [11] . In particular, the C 1 open and dense subset U has non-trivial intersection with the space of C k diffeomorphisms, for any k > 1. We claim that for every C k , k > 1 diffeomorphism f in U , either f or its inverse has a unique ergodic Gibbs u-state and the corresponding center Lyapunov exponent is negative. In particular, by Lemma 4.1, either f or its inverse has mostly contracting center direction. The first step is to note that f is ergodic, since it is accessible (see [22, 27, 38] ). Then the Lebesgue measure vol is an ergodic Gibbs u-state for both f and f −1 . Since the strong stable and strong unstable foliations are minimal, the Gibbs u-state is unique; see Remark 4.3. This completes the proof of Theorem 4.7.
Finiteness and stability of physical measures
In this section we prove Theorem D. As remarked before, Theorem A is a particular case. We begin by recalling certain ideas from Bonatti, Gomez-Mont, Viana [18] and Avila, Viana [13] that we use for handling the case when the center Lyapunov exponent vanishes. 5.1. Smooth cocycles. By assumption, the center leaves of f define a fiber bundle π c : N → N/W c over the leaf space. Then f may be seen as a smooth cocycle (as defined in [13] ) over f c :
It follows from the form of our maps that the strong stable manifold W
(for large n one can identify f n (ξ) ≈ f n (η) via the fiber bundle structure) for each θ ∈ ξ and the limit is uniform on the set of all (ξ, η, θ) with θ ∈ ξ and ξ and η in the same local stable set. These s-holonomy maps satisfy
is continuous on the set of triples (ξ, η, θ) with ξ and η in the same local stable set and θ ∈ W c (ξ).
Let m be any f -invariant probability measure and µ = (π c ) * (m). A disintegration of m into conditional probabilities along the center leaves is a measurable family {m ξ : ξ ∈ supp µ} of probability measures with m ξ (ξ) = 1 for µ-almost every ξ and
for every measurable set E ⊂ M . By Rokhlin [40] , such a family exists and is essentially unique. A disintegration is called s-invariant if (h s ξ,η ) * m ξ = m η for every ξ, η ∈ supp µ in the same stable set. In a dual way one defines u-holonomy maps and u-invariance. We call a disintegration bi-invariant if it is both s-invariant and u-invariant, and we call it continuous if m ξ varies continuously with ξ on the support of µ, relative to the weak * topology.
Proposition 5.1. Let f ∈ P k * (N ), k > 1 be such that the center stable foliation is absolutely continuous. Let m be an ergodic Gibbs u-state with vanishing center Lyapunov exponents. Then m admits a disintegration {m ξ : ξ ∈ supp µ} into conditional probabilities along the center leaves which is continuous and bi-invariant.
Proof. Proposition 3.3 gives that (π c ) * m has local product structure. Thus, we are in a position to use Theorem D of Avila, Viana [13] to obtain the conclusion of the present proposition.
Zero Lyapunov exponent case.
The following result provides a characterization of the systems exhibiting ergodic Gibbs u-states with vanishing central exponent.
Proposition 5.2. Let f ∈ P k 1 (N ), k > 1 be such that the center stable foliation is absolutely continuous. Let Λ be an attractor of f c such that f is accessible on Λ, and let m be an ergodic Gibbs u-state with vanishing center Lyapunov exponent. Then
(1) the conditional probabilities {m x : x ∈ Λ} along the center leaves are equivalent to the Lebesgue measure on the leaves, with densities uniformly bounded from zero and infinity; 1 AND JIAGANG YANG See [20, 31, 1] . Those arguments extend directly to their restrictions to each center stable or center unstable leaf, respectively: the restricted strong stable and strong unstable foliations are also absolutely continuous with bounded Jacobians. By compactness, the su-path may be chosen such that the number s of legs and the length of each leg are uniformly bounded, independent of ξ and η
1
. Then, we may fix a uniform upper bound constant K > 1 on the Jacobians of all associated strong stable and strong unstable holonomies. Notice vol c (B r (ζ)) = 2r, since the center leaves are one-dimensional. Then (17) and (18) we obtain
.
and, taking the limit as
Since we can always find η where the density is less or equal than 1 (respectively, greater or equal than 1), this implies that
for every ξ, and that proves claim (1). Now let m ′ be any other ergodic Gibbs u-state supported in W c (Λ). The center Lyapunov exponent of m ′ must vanish: otherwise, by [29] , there would be some hyperbolic periodic point in W c (Λ), and that is incompatible with the conclusion in part (1) that there exist invariant conditional probabilities equivalent to Lebesgue measure along the center leaves. So, all the previous considerations apply to m ′ as well. In particular, it has a continuous disintegration {m exists w ∈ M such that x 0 is connected to every point in a neighborhood of w by a uniformly bounded su-path. Then the same is true if one replaces w by an arbitrary point z ∈ M : connect w to z by some su-path; the "same" su-path determines a bijection between neighborhoods of w and z; concatenating with su-paths from x 0 to the neighborhood of w one obtains uniformly bounded su-paths from x 0 to any point near z. The claim now follows by compactness of the ambient manifold.
particular, the two basins intersect, and that implies m = m ′ . That completes the proof of claim (2).
From conclusion (1) we get that there exists a full m-measure set ∆ consisting of leaves such that vol c -almost every point in the leaf belongs to the basin of m. Then, since m is a Gibbs u-state, we can find a
Observe that the center foliation W c is absolutely continuous on each center unstable leaf, because the corresponding holonomy maps between unstable leaves coincide with the corresponding holonomy maps for the center stable foliation, which we assume to be absolutely continuous. Using this fact, and a Fubini argument, we get that Lebesgue almost every point in D (3), and so the proof of the lemma is complete.
Construction of physical measures.
We are nearly done with the proof of Theorem D. By Proposition 3.5, all ergodic Gibbs u-states have non-negative center Lyapunov exponent. The case when the exponent vanishes for some Gibbs u-state is handled by Proposition 5.2: we get alternative (a) of the theorem in this case. Finally, if the center Lyapunov exponent is negative for all Gibbs u-states over some attractor Λ i of f c then, by Lemma 4.1, the center direction of f is mostly contracting on that attractor Λ i . Then, by Bonatti, Viana [19] , there are finitely many ergodic Gibbs u-states supported in W c (Λ i ), these u-states are the physical measures of f , and the union of their basins covers a full volume measure subset of a neighborhood of W c (Λ i ). By Theorem 4.6, all these physical measures are Bernoulli for some iterate of f . Thus, we get alternative (b) of the theorem in this case.
From now on, let {m i,j } J(i) j=1 be the physical measures supported on each attractor Λ i . As we have just seen, their basins cover a full Lebesgue measure subset of a neighborhood U i of W c (Λ i ). We want to prove that the union of all these basins contains a full Lebesgue measure subset of the ambient manifold. Suppose otherwise, that is, suppose the complement C of this union has positive Lebesgue measure. Let C 0 ⊂ C be the set of Lebesgue density points of C. Notice that C 0 is f -invariant and vol(C 0 ) = vol(C). Since the unstable foliation is absolutely continuous, there is a
Then every Cesaro accumulation point of the iterates of Lebesgue measure on I u is a Gibbs u-state (see [17] , section 11.2), and so its ergodic components are ergodic Gibbs u-states. Let m * be any such accumulation point and m i,j be an ergodic component of m * . The support of m i,j is contained in U i , and so there is n 0 ≥ 1 such that f n0 (I u ) intersects U i . Recalling that C 0 is invariant, we get that Then the center direction is mostly contracting over Λ and f has at most s physical measures supported in
Proof. Since f has hyperbolic periodic point in W c (Λ) the restriction of f to W c (Λ) can not be conjugate to a rotation extension over Λ. Thus, by Theorem D, f has mostly contracting center direction over Λ. Corollary 5.5. For each 1 ≤ t ≤ s there is at most one physical measure whose support intersects W s (p t ).
As observed before, the unstable foliation is minimal in every attractor in the quotient. So, the orbit of every strong unstable leaf intersects W s (ℓ) = ∪ s t=1 W s (p t ). Since the supports of physical measures are W u -saturated and invariant, it follows that for every 1 ≤ j ≤ J there exists some 1 ≤ t ≤ s such that supp m j intersects W s (p t ). So, by Corollary 5.5, J ≤ s.
be periodic points in ℓ with stable index d s (i.e. repellers for f | ℓ) and let {p si } s i=s/2+1 be periodic points in ℓ with stable index d cs (i.e. attractors for f | ℓ). We claim that if
for every i, then the support of every physical measure contains some p i , s/2 + 1 ≤ i ≤ s. Indeed, by the previous observations the support must intersect W s (p i ) for some i, corresponding to either an attractor or a repeller of f | ℓ. In the former case, the claim is proved; in the latter case, our assumption on ℓ implies that the support intersects the stable set of some other periodic point p j which is an attractor, and so the claim follows in just the same way. So, by the previous argument, the number of physical measures can not exceed s/2 in this case. The proof of Theorem 5.3 is complete.
Statistical stability.
We also want to analyze the dependence of the physical measures on the dynamics. For this, we assume N = M × S 1 and restrict ourselves to the set S k (N ) ⊂ P Proof. Notice that every f ∈ S k (N ) is dynamically coherent, has compact onedimensional center leaves, and absolutely continuous center stable foliation. By a variation of an argument of Niţicȃ, Török [32] , one gets that the set of diffeomorphisms in S k (N ) which are accessible on all attractors are C 1 open and C r dense. Let us comment a bit on this, since our setting is not exactly the same. The heart of the proof is to show that the accessibility class of any point contains the corresponding center leaf. This is done by considering 4-leg su-paths linking the point to every nearby point in the center leaf; in this way one gets that every accessibility class is open in the center leaf; then, connectivity gives the conclusion. The only difference in our case is that we deal with accessibility over each of the attractors, not the whole ambient manifold. However, the arguments remains unchanged, just with the additional caution to choose the corners of the 4-leg su-path to be points over the attractor. It is easy to see that the set of diffeomorphisms in S k (N ) which have a center leaf containing some hyperbolic periodic point is C 1 open and C r dense. Take B k be the intersection of above two sets. Then by Theorem D, any f ∈ B k has mostly contracting center bundle. By Andersson [9] , for any partially hyperbolic diffeomorphism f with mostly contracting center direction there is a C k , k > 1 neighborhood U of f such that any g ∈ U has mostly contracting center direction also, and on a C k open and dense subset of U, the number of physical measures is locally constant and the physical measures depend continuously on the diffeomorphism. This ends the proof of Theorem 5.6.
Absolute continuity for mostly contracting center
Throughout this section f : N → N is a partially hyperbolic, dynamically coherent, C k , k > 1 diffeomorphism with mostly contracting center direction. Recall the later is a robust (open) condition, by Andersson [9] . We develop certain criteria for proving absolute continuity of the center stable, center unstable, and center foliations and we apply these tools to exhibit several robust examples of absolute continuity. In particular, this yields a proof of Theorem E.
The starting point for our criteria is the observation that for maps with mostly contracting center the Pesin stable manifolds are contained in, and have the same dimension as the center stable leaves. Since the Pesin stable lamination is absolutely continuous ( [35, 37] ), in this way one can get a local property of absolute continuity for the center stable foliation. This initial step of the construction is carried out in Section 6.2. Then one would like to propagate this behavior to the whole ambient manifold, in order to obtain actual absolute continuity. It is important to point out that this can not possibly work without additional conditions. Example 6.1 below illustrates some issues one encounters. A more detailed analysis, including explicit robust counter-examples will appear in [49] . Suitable assumptions are introduced in Section 6.1, where we also give the precise statements of our criteria. In Section 6.3 we present the main tool for propagating local to global behavior. The criteria are proved in Sections 6.4 through 6.6.
Before proceeding, let us give a simple example of a map whose center foliation is leafwise absolutely continuous and locally absolutely continuous, but not globally absolutely continuous. This kind of construction explains why Pesin theory alone can not give (global) absolute continuity of center foliations, even when the center direction is mostly contracting. 1 AND JIAGANG YANG 2,1 Example 6.1. Let us start with f 0 :
< t for all t ∈ (0, 1), and 0 < g ′ (t) < 2 for every t ∈ [0, 1]. Then f 0 is a partially hyperbolic endomorphism of the cylinder, with the vertical segments as center leaves. Next, let f :
] be a C 2 -small perturbation, preserving the two boundary circles C i = S 1 × {i}, i = 0, 1 and the vertical line {0} × [0, 1] through the fixed point (0, 0). Moreover, the horizontal derivatives of f at the endpoints of this vertical line should be different: (20) ∂f ∂x (0, 0) = ∂f ∂x (0, 1).
By the stability of center foliations ( [28] , the new map f has a center foliation whose leaves are curve segments with endpoints in the two boundary circles. Thus, they induce a holonomy map h : C 0 → C 1 that conjugates the two expanding maps f | C 0 and f | C 1 . Condition (20) implies that the conjugacy can not be absolutely continuous (see [43] ). This shows that the center foliation is not absolutely continuous. Yet, it is absolutely continuous restricted to S 1 × [0, 1), as we are going to explain. Notice that our assumptions imply that g ′ (0) < 1 < g ′ (1) and so the lower boundary component C 0 is an attractor for f 0 , with S 1 × [0, 1) as its basin of attraction. Then the same is true for the perturbation f . Moreover, restricted to this basin, the center leaves coincide with the Pesin stable manifolds of the points in the attractor, and so they do form an absolutely continuous foliation. In particular, this also shows that the center foliation is leafwise absolutely continuous.
6.1. Criteria for absolute continuity. We assume that some small cone field around the strong unstable bundle has been fixed. We call u-disk any embedded disk of dimension d u whose tangent space is contained in that unstable cone field at every point. Previously, we introduced the special case of W u -disks, which are contained in strong unstable leaves. To begin with, in Section 6.4 we prove that upper leafwise absolute continuity always holds in the present context: Proposition 6.2. The center stable foliation of f is upper leafwise absolutely continuous, if it exists.
For the next criterion we assume the diffeomorphism is non-expanding along the center direction. This notion is defined as follows. Assume also f is dynamically coherent. Given r > 0 and * ∈ {s, cs, c, cu, u}, we denote by W * r (x) ⊂ W * (x) the ball of radius r around x, relative to the distance induced by the Riemannian metric of N on the leaf W * (x). In what follows we always suppose r is small enough so that W * r (x) is an embedded disk of dimension d * for all x ∈ M and every choice of * . We use W s (p) and W u (p) to denote the stable and unstable sets of a periodic point p. We say that f is non-expanding along the center direction if there exist ρ > 0 and ε > 0 such that
) for every n ≥ 0 and almost any x in any u-disk.
• the support of every ergodic Gibbs u-state m contains some periodic point
If f is non-expanding along the center direction then the center stable foliation is absolutely continuous.
The proof of this proposition is given in Sections 6.2 through 6.5. We will see that the hypothesis holds for a classical construction of partially hyperbolic, robustly transitive diffeomorphisms due to Mañé [30] (Section 7.1). It also holds for a more recent class of examples introduced by Bonatti, Viana [19] , which are not even partially hyperbolic (though they do admit a dominated invariant splitting of the tangent bundle), but this fact will not be proved here.
Let f ∈ P k 1 (N ). Let ℓ be a periodic center leaf ℓ, with period κ ≥ 1. For * ∈ {s, u}, we denote W * (ℓ) = ∪ ζ∈ℓ W * (ζ). We call homoclinic leaf associated to ℓ any center leaf ℓ ′ contained in W s (ℓ) ∩ W u (ℓ) Proposition 6.4. Suppose f ∈ P k 1 (N ) has some center leaf ℓ in general position and such that every strong unstable leaf intersects W s (ℓ). Then the center stable foliation of f is absolutely continuous.
This proposition is proved in Section 6.6. In Section 7.2 we use it to prove Theorems B and E, and in Section 7.3 we give an application to volume preserving systems. Noticing that, apart from dynamical coherence, all the hypotheses of Proposition 6.4 are robust, we get the following immediate consequence:
is robustly dynamically coherent and has some periodic center leaf ℓ in general position and such that every strong unstable leaf intersects W s (ℓ). Then the center stable foliation is robustly absolutely continuous.
Local absolute continuity.
The following lemma will allow us to obtain some property of local absolute continuity:
Lemma 6.6. For any ergodic u-state m of f and any disk D contained in an unstable leaf inside supp m, there is a positive measure subset Γ such that the points in Γ have (Pesin) stable manifolds with uniform size. Moreover, these stable manifolds form an absolutely continuous lamination, in the following sense: there is K > 0 such that for any two u-disks D 1 , D 2 sufficiently close to D, the stable manifolds of points in Γ define a holonomy map between subsets of D 1 and D 2 , and this is absolutely continuous, with Jacobian between 1/K and K.
Proof. Because f has mostly contracting center direction, m is a hyperbolic ergodic measure of f , by Pesin theory, there is a Pesin block Λ with positive m measure such that every point x ∈ Λ has uniform size of stable manifold, and these stable manifolds on Λ is uniformly absolutely continuous. Notice that the stable manifolds are contained in the center stable leaves. Since m is a u-state, there is a disk 
, then vol D (Γ) > 0, every point in Γ has uniform size of stable manifold, and these stable manifolds are uniformly absolutely continuous.
Suppose f ∈ Diff k (N ), k > 1 admits dominated splitting E cu ⊕ E cs , and it is dynamically coherent, that is, it has center stable and center unstable foliation. We call cs-block for f the image B = h(Σ × I dcs ) of any embedding h : Σ × I dcs → N , with Σ ⊂ I dcu , satisfying the following properties:
(1) h({a} × I dcs ) is contained in W cs (h(a, 0) ), for every a ∈ Σ (2) h({a} × I dcs ) is contained in the stable set of h(a, 0), for every a ∈ Σ (3) h(Σ × {0}) is a positive measure subset of some disk D transverse to W cs ; (4) there is K > 0 such that for any u-disks
cs ) for every a ∈ Σ, there is a holonomy map
, the Jacobian of the holonomy map between vol D1 and vol D2 is bounded by K from above and 1/K from below.
We also say that B is a cs-block over the disk D in (3). If D is contained in the unstable manifold of an index d cs periodic point p, then we say the cs-block is associated with p. We say that the cs-block has size r > 0 if the plaque h({a} × I dcs ) contains W cs r (h(a, 0)) for every a ∈ Σ. If a maph :
for every a ∈ Σ thenB =h(Σ × I dcs ) is called a sub-block of B.
Lemma 6.8. Let m be an ergodic u-state of f and p ∈ supp m be a periodic point of stable index d cs whose stable manifold W s (p) has size r. Then there is a cs-block associated with p with size r.
Proof. By Lemma 6.6, there is a cs-block over any u-disk D ⊂ W u (p). Let κ be the period of p. For every large n, the backward image f −nκ (B) is a cs-block of size r over the u-disk f −n (D).
6.3.
Recurrence to cs-blocks. The next proposition is a key ingredient in the proof of our criteria for absolute continuity. 
Then 
1,δ ) is bounded above, where K is the bound for the Jacobian of the center stable foliation in B 1 . We can choose ε properly such that m u (∂(D * ε )) = 0, by Remark 6.7, suppose
So there is n j arbitrarily big such that
We claim that there is b 1 > 0 such that, for every ε > 0 sufficiently small,
and the distortion property on W u , there is K 2 > 0 such that
Then, taking b 1 = K 2 a 1 b 0 /16, we get our claim:
. This completes the proof of the proposition. 1 AND JIAGANG YANG 2,1 Remark 6.10. Assuming there exists a unique Gibbs u-state, the arguments in the proof of Proposition 6.9 yield a slightly stronger conclusion that will be useful in the sequel: there exists b 1 > 0 such that for any positive Lebesgue measure subset D * of any W u -disk D and for any 1 ≤ i ≤ s there exist arbitrarily large values of
6.4. Upper leafwise absolute continuity. Here we prove Proposition 6.2. Suppose there exists some measurable set Y with vol(Y ) > 0 that meets almost every center stable leaf W cs (z) on a zero vol cs -measure subset. Up to replacing Y by some full measure subset, we may suppose that every x ∈ f n (Y ) is a Lebesgue density point of f n (Y ) for every n ≥ 0:
Since f has finitely many ergodic u-states and their basins cover a full measure subset of N (see [19] ), it is no restriction to suppose that Y is contained in the basin of some ergodic Gibbs u-state m. Let B be a cs-block over some u-disk contained in the support of m (recall Proposition 3.1 and Section 6.2). Since the strong unstable foliation is absolutely continuous (see [20] ), we can find a u-disk D such that D * = D ∩ Y has positive vol D -measure. By Proposition 6.9, there exists Together with (22) , this implies that vol(f n (Y ) ∩ B) > 0. On the other hand, the hypothesis implies that f n (Y ) intersects almost every center stable leaf on a zero Lebesgue measure subset. Using, once more, that the center stable leaf is absolutely continuous on the cs-block, we get that vol(f n (Y ) ∩ B) = 0. This contradicts the previous conclusion, and that contradiction completes the proof of Proposition 6.2.
6.5. Non-expansion along the center. Now we prove Proposition 6.3. Let the ergodic u-states
, and ρ, ε given in the definition of non-expansion along the center. By Lemma 6.8, we can choose cs-blocks
associated with m i with size ρ.
In order to prove the center stable foliation is absolutely continuous, we just need show that for any two u-disks D 1 , D 2 which are ε near, the holonomy map ChooseB i a sub-block of B i with arbitrarily small size, then by Proposition 6.9, there is n and j such that
2 ) are ρ near, and the cs-holonomy map in B i is absolutely continuous, one has that
2 ) > 0, so W cs is absolutely continuous.
6.6. Center leaves in general position. We are going to prove Proposition 6.4. Let us start by giving an overview of the argument. We need to compare a set on any u-disk with its projection to another u-disk under cs-holonomy. The idea is to consider appropriate iterates of both u-disks intersecting a given cs-block, and then take advantage of the uniform structure on the cs-block. The problem is that, because cs-blocks have gaps along the center direction, one can not immediately ensure that iterates of both disks intersect the same cs-block. To this end, we use the twisting property in the assumption of general position to find a pair of csblocks whose union covers the whole center direction, in the sense that it intersects any large iterate of any u-disk. Then, we show that some iterate of any of the disks intersects both cs-blocks, which gives the required property. Now we fill in the details in the proof. Let f and ℓ be as in the statement of the proposition. For simplicity, consider the center leaf ℓ to be fixed (in other words, κ = 1) and we also take the attractor a and repeller r of f | ℓ to be fixed. Extension to the general case is straightforward. 
. LetB be a cs-block over W u loc (a) (Lemma 6.8). Then for n large, f −n (B) intersects W u loc (a s ) in a setD * 1 with positive Lebesgue measure, and we may choose a cs-block
. We think of the union W u 2τ (V cs ε (r s )) of the local unstable manifolds through the local center stable manifold of r s as the gap of B 1 along the center direction. See Figure 3 .
Dually, consider a cs-block
) of the local unstable manifolds through the local center stable manifold of r u is the gap of B 2 along the center direction. Moreover, we may fix δ 0 > 0 such that, for any ζ ∈ W s ρ (ℓ ′ ), either
. This is, in precise terms, what we meant when we announced that the union B 1 ∪B 2 of the two cs-blocks would cover the whole center direction. Now consider a new cs-block B defined as the union of Figure 3 . 
Proof. It is no restriction to suppose every point of D * is a Lebesgue density point. Fix ε > 0 small (the precise choice will be given later). Take any point x ∈ D * and let r > 0 small enough so that vol 
Then, for any n i sufficiently large and any y ∈ D ρ , we have f
Since the local unstable manifold of f ni (y) cuts across both B 1 and B 2 , this means that we can associate to y ∈ D * ρ ∩ f −ni (B 1 ) the following subsets of D r :
By bounded distortion, there exists κ = κ(f ) > 0 such that
i (y)) for every y and every i. We also denote by D 
Consequently,
This implies that vol
, where the constant b 2 > 0 is independent of i and the choice of r. Now, suppose the lemma is false. Then and k ≥ 1 such that
Notice that for k big enough,
) are contained in nearby cu-disks. That is because the stable foliation is uniformly contracting. Then
are cs-blocks, whose cs-foliations are uniformly absolutely continuous, from (23) one gets that
for either i = 1 or i = 2. This implies that vol D2 (D * 2 ) > 0. Thus, the center stable foliation is absolutely continuous, as claimed.
Robust absolute continuity
Here we use the results in the previous section to give examples of open sets of diffeomorphisms with absolutely continuous center stable/unstable foliations. 7.1. Mañé's example. Mañé [30] constructed a C 1 open set of diffeomorphisms U such that every f ∈ U is partially hyperbolic (but not hyperbolic), dynamically coherent, and transitive. From Proposition 6.3 one gets that every C k , k > 1 diffeomorphism f in some non-empty C 1 open subset U ′ has absolutely continuous center stable foliation. To explain this, let us recall some main features in Mañé's construction.
One starts from a convenient linear Anosov map A : T 3 → T 3 with eigenvalues 0 < λ 1 < λ 2 < 1 < λ 3 . Let p be a fixed point of A and ρ > 0 be small. One deforms A inside the ρ-neighborhood of p, so as to create some fixed point with stable index 1, while keeping the diffeomorphism unchanged outside B ρ (p). Mañé [30] shows that this can be done in such a way that the diffeomorphism f 0 : T 3 → T 3 thus obtained is partially hyperbolic, with splitting E s ⊕ E c ⊕ E s where all factors have dimension 1, and every diffeomorphism in some C 1 neighborhood U is dynamically coherent and transitive. The presence of periodic points with both stable indices 1 and 2 ensures that f 0 is not Anosov. Bonatti, Viana [19] observed that every C k , k > 1 diffeomorphism f ∈ U has mostly contracting center direction. Here, as well as in the steps that follow, one may have to reduce the neighborhood U. Then Bonatti, Díaz, Ures [16] showed that the unstable foliation of every f ∈ U is minimal. According to [19] , this implies that every C k , k > 1 diffeomorphism f ∈ U admits a unique physical measure, whose basin contains Lebesgue almost every point. The non-expansion condition in Proposition 6.3 can be checked as follows.
A crucial observation is that the center stable bundle E c ⊕ E s is uniformly contracting outside B ρ (p), for all diffeomorphisms in a neighborhood, because f 0 = A outside B ρ (p). Let q be another fixed or periodic point of A and assume ρ was chosen much smaller than the distance from p to the orbit of q. Then q remains a periodic point for f 0 , with stable index 2 and stable manifold of size ≥ 5ρ. 1 AND JIAGANG YANG
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Let q f denote the hyperbolic continuation of q for every f in a neighborhood of f 0 : q f is a periodic point with stable index 2 and stable manifold of size ≥ 4ρ. The fact that E c ⊕ E s is uniformly contracting outside B ρ (p) also implies that f n (W cs ρ (x)) ⊂ W cs 2ρ (f n (x)) for all x ∈ T 3 and n ≥ 0. This proves that f is nonexpanding along the center direction, and so we may apply Proposition 6.3 to conclude that the center stable foliation of every f near f 0 is absolutely continuous.
We ignore whether the center unstable foliation and the center foliation are absolutely continuous or not in this case. However, in the next section, a different construction allows us to give examples where all three invariant foliations are robustly absolutely continuous.
7.2.
Robust absolute continuity for all invariant foliations. Here we prove Theorem E and use it to deduce Theorem B. We begin with an intermediate result:
Proposition 7.1. Let f 0 : N → N be a C k , k > 1 skew-product f 0 (x, θ) = (g 0 (x), h 0 (x, θ)), where g 0 is a transitive Anosov diffeomorphism. Assume that f 0 is accessible and has some periodic center leaf in general position. Then there exists a C k neighborhood V of f 0 such that for every f ∈ V, the center stable, center unstable, and center foliation are absolutely continuous.
Proof. Every skew-product has absolutely continuous center stable and center unstable foliation and is robustly dynamically coherent (by [28] ; the center foliation of a partially hyperbolic skew-product is always plaque expansive). In particular, f 0 satisfies all the hypotheses of Theorem D. The presence of a Morse-Smale center leaf prevents f 0 from being conjugate to a rotation extension. Thus, the center direction is mostly contracting in a whole neighborhood of f 0 . The assumption that g 0 is transitive also ensures that every strong unstable leaf intersects W s (ℓ). So, we are in a position to apply Corollary 6.5 to conclude that the center stable foliation is robustly absolutely continuous. The same reasoning applied to the inverse of f 0 gives that the center unstable foliation is also robustly absolutely continuous. From the following general fact we get that the center foliation is also robustly absolutely continuous: Lemma 7.2 (Pugh, Viana, Wilkinson [39] that, denoting by ℓ p and ℓ a the center leaves associated to the continuation of p and a,
• every strong unstable leaf of f 2 intersects W s (ℓ p ); • the restriction of f 2 to ℓ p is a Morse-Smale diffeomorphism, with a single attractor ξ and a single repeller η • and W u (η) and W s (ξ) are in general position (we call this non-strong connection). These properties remain valid in a small neighborhood of f 2 . As a final step, we use [16, 27, 26] to find a diffeomorphism f 3 arbitrarily close to f 2 and such that the strong stable and the strong unstable foliations are minimal in a whole C 1 neighborhood of f 3 . We take W 1 to be such a neighborhood. By [19] , for every diffeomorphism f ∈ W the inverse f −1 has mostly center direction. Then, by [9] , the same is true in a whole C k neighborhood W f in the space of all (possibly dissipative). diffeomorphisms. Hence, we are in a position to apply Corollary 6.5 to conclude that the center unstable foliation is absolutely continuous for every diffeomorphism in W f .
This finishes the proof of Theorem C. The next proposition is a variation of results in [14] where center foliations are replaced by center stable or center unstable foliations.
Proposition 7.4. Let f 0 be as in Theorem A, where M is a surface, and let f be any C 1 nearby accessible, volume preserving diffeomorphism with λ c (f ) = 0. If either the center stable foliation or the center unstable foliation is absolutely then f is smoothly conjugate to a rotation extension and the center foliation is a smooth foliation.
Proof. Suppose W cs is absolutely continuous. Then we may apply Theorem D. In this case Lebesgue measure is a Gibbs u-state with zero center exponent, and so we are in the elliptic case (a) of the theorem. In particular, the center foliation is leafwise absolutely continuous. Then we can apply [14] to conclude that the center foliation is smooth and f is smoothly conjugate to a rigid model. In present case, where the center fiber bundle is trivial, we get that f is topologically conjugate to a rotation extension (cf. Remark 4.3).
Remark 7.5. Suppose f is partially hyperbolic, dynamically coherent, volume preserving, and all the center exponents are negative at almost every point. Then the center stable foliation of f is upper leafwise absolutely continuous. This is a fairly direct consequence of Pesin theory. Indeed, if all the Lyapunov exponents are negative then the Pesin local stable manifold of almost every point is a neighborhood of the point inside its center stable leaf. Then the absolute continuity of Pesin laminations [35] implies that the center stable foliation is upper leafwise absolutely continuous.
We close with a couple of conjectures on the issue of absolute continuity. The first one deals with dissipative systems. Conjecture 7.6. Let k > 1 and C k be the space of partially hyperbolic, dynamically coherent C k diffeomorphisms with mostly contracting center direction. Then, for an open and dense subset,
• if there is a unique physical measure then the center stable foliation is absolutely continuous; • if there is more than one physical measure then the center stable foliation is not upper leafwise absolutely continuous.
Examples of the second situation will appear in a forthcoming paper [49] . 
